In this paper we report on our investigation of the phase diagram for d = 3 SU (2) lattice gauge theory coupled to adjoint scalars. This theory is of interest for at least two reasons. Through dimensional reduction, it is related to d = 4 pure SU(2) lattice gauge theory at high temperature. The model also contains in its Higgs phase the famous 't Hooft-Polyakov monopoles. The Higgs phase is continuously connected to the symmetric, confining phase. Thus the model may prove to be a useful laboratory for exploring confinement by monopoles. We will not further discuss monopole confinement here, but concentrate on the phase diagram and some general properties of the mass spectrum.
The continuum Euclidean action in the notation of Nadkarni [1] is given by
where 
Here U µ (x) = exp(iagA µ (x)) is the usual link variable, and U µν (x) is the corresponding plaquette. The continuum field φ(x) is related to the lattice field Φ(x) by φ(x) = κ/aΦ(x), where a is the lattice spacing, and the lattice parameters β and λ are defined by
The hopping parameter κ is determined by an equation relating it to the continuum mass parameter m Dividing by a factor g 4 , and using Eq. 
Due to the superrenormalisability of the adjoint Higgs theory in d = 3, λ and g 2 do not require ultraviolet renormalisation. Suppose for the moment that this were true for m 2 0
as well. Eq.(4) then specifies how to adjust κ to correspond to given fixed ratios of the continuum parameters m 2 0 /g 4 and µ/g 2 . The lattice spacing is set by a = 4/g 2 β.
The mass parameter m 2 0 does of course require ultraviolet renormalisation, but only up to two loops. The known results in the MS scheme [2] and in lattice perturbation theory [3] allow a generalisation of Eq.(4) to be derived,
where Σ = 3.17591. The successive lines of this equation correspond to tree level, one loop and two loop terms, respectively. The dimensionful parameter in the MS scheme has been chosen to be g 2 . Eq.(5) specifies how to approach the continuum limit (β → ∞, λ → 0, κ → 1/3), with m 2 0 (g 2 )/g 4 and µ/g 2 held fixed. It becomes exact in the limit of vanishing lattice spacing.
Our analysis of the phase diagram is based on the early work of Nadkarni [1] , who first investigated this model using a combination of numerical and analytic techniques. Following Nadkarni, we define the length ρ of the scalar field by ρ = 2Tr(ΦΦ). Qualitatively the Higgs phase and symmetric phases can be distinguished by the value of ρ , it being larger in the Higgs phase. The familiar language of symmetry breaking is useful in the Higgs phase, whereas the symmetric phase is better described as a confined hadronic phase. As was emphasized by Nadkarni, however, the two phases are in fact continuously connected, and there is really no fundamental distinction between them. When an actual phase transition separates the two phases, it is described by a surface κ c (β, λ), the Higgs (symmetric) phase lying above (below) the surface. The statement that the two phases are continuously connected implies that this surface does not cover the entire β − λ plane, so that any two points in the parameter space can be connected by a path which detours around it. While it is not feasible to map out the entire surface in a strictly numerical analysis, one of our principal results will be that the surface of phase transitions covers a much smaller region of the β − λ plane than conjectured by Nadkarni. As discussed in more detail below, the vast region of the surface specified by Nadkarni as second-order corresponds rather to a crossover region which is without critical fluctuations or massless particles.
Our methods are similar to those used by two of the present authors in a previous study in d = 3 with SU(2) gauge fields coupled to fundamental rather than adjoint scalars [4] .
The link update used in [4] was modified by inserting a Metropolis step to take account of the quadratic dependence of the scalar term in Eq.(2) on the link variables. The Bunk [5] algorithm for the scalar update was used here also. With adjoint scalars, however, the approximate determination of Bunk's parameter α suggested in [5] and used in [4] occasionally resulted in a low acceptance rate for the scalar update (particularly at very low β). Solving the full cubic equation (Eq.(6) of [5] ) for α gave acceptance rates of over 80% throughout the phase diagram.
The results presented here were obtained on lattices of size L 3 with L = 8, 12, 16, 20, 24 and 32 at β = 6.0 and 9.0. A typical run consisted of 500 -2000 sweeps. The coupling β = 6.0 is already in the region of approximate scaling for d = 3 pure SU(2) lattice gauge theory [6] . In the case with fundamental scalars [4] , the mass spectrum at the nearby value of β = 7.0 has been calculated and has been found to scale very well to higher values of β. In the present case of adjoint scalars, we shall see later that there is good scaling of mass ratios between β = 6.0 and 9.0. The procedure is, given κ and λ at say, β = 6.0, to use Eqs. (3) and (5) to determine the ratios of continuum parameters m 2 0 (g 2 )/g 4 and µ/g 2 .
Then holding these ratios fixed, Eqs. (3) and (5) are solved again to find κ and λ at the new value of β, e.g. β = 9.0. Close enough to the continuum limit, physical mass ratios should be constant when moving along such a 'line of constant physics'. (for fixed β) at which first-order behaviour terminates. It was conjectured by Nadkarni that beyond the region of first-order behaviour, the surface κ c (β, λ) continues (all the way to λ = ∞ at β = 6.0 and 9.0), describing a second-order transition. We instead find no actual phase transition, only a smooth crossover behaviour. This conclusion is reached using a finite size analysis of the scalar mass and related susceptibility. Our scalar mass calculations are based on the operator ρ s (x) ≡ ρ 2 (x) (and smeared versions thereof). The corresponding (normalised) susceptibility is
where V is the lattice volume, andρ s is the average over V of ρ s (x). Fig. 2 (a) shows how this susceptibility varies with κ at β = 6.0 and λ = 0.01. While there is a pronounced peak, it neither grows nor sharpens as V is increased (except perhaps for very small volumes). show how the lightest scalar mass varies across this peak. (This is calculated from smeared versions of ρ s ; the smearing is exactly as in [4] except that fundamental parallel transporters are replaced by their adjoint homologues.) According to a general finite size scaling analysis [7] a true second-order transition would be signalled by a peak in the susceptibility growing as χ max ∼ V γ with some critical exponent γ. Likewise, across a second-order transition the lightest mass should go to zero with increasing lattice size, corresponding to a diverging correlation length. In the vicinity of the peak of the susceptibility we found the lightest scalar to be the lightest excitation. Although we do observe a susceptibility peak along with a minimum in the scalar mass, neither shows the required finite-size behaviour for a second-order transition. Instead we find χ, aM[0 + ] → const for V → ∞, which is the expected behaviour for crossover. The same observation holds at still larger values of λ and at β = 9.0 as well.
Where the first-order transition ends and the crossover begins, one would expect to find critical behavior, i.e. diverging fluctuations and a vanishing mass for the lightest scalar.
This would form a line of critical points in our three dimensional coupling constant space.
To investigate this, we calculate the minimum value of the mass of the scalar as we traverse the crossover, and then move toward the first-order region. Suppose we work at fixed λ and β, and find the minimum scalar mass m min (β, λ) at κ = κ min (β, λ). If we now steadily decrease λ at fixed β, a critical point λ c (β), may occur at the boundary between crossover and first-order regions. This would be signalled by a vanishing of the scalar mass:
We have performed such a study at β = 6.0 in which we have calculated m min for three values of λ. Since m min is small, it is crucial that we ensure that the lattices we use are large enough. Our scans through the crossover were carried out on a range of lattice sizes from 8 3 to 32 3 .
The results of these calculations are shown in Table 1 . We observe that m min (λ) does decrease by about a factor of 2 when λ is reduced from 0.011 to 0.009. This is suggestive of a critical point at a value of λ < 0.009. Recall that we have performed calculations at We consider now gauge bosons and magnetic monopoles. Where the scalar particles are in the fundamental representation of SU (2), the existence of a residual or custodial SU (2) global symmetry allows operators which couple directly to the triplet of gauge bosons to be constructed and the gauge boson masses determined from correlators of these operators [4] .
For the present case of adjoint scalars, no such residual symmetry exists, and consequently there are no gauge-invariant operators which couple directly to charged gauge bosons. A gauge-invariant operator which directly couples to the photon in the Higgs phase can be constructed, however, starting with the continuum operator 2Tr(φF µν ). In the Higgs phase, µ have only short range fluctuations. Thus in the Higgs phase, 2Tr(φF µν ) couples to the field strength of the photon, and we can determine the photon mass by measuring its correlator [8] .
Working as we do in momentum space, at least one of the momentum components p µ , p ν must be non-vanishing in order to retain that part of 2Tr(φF µν ) which is
On the lattice, we start from F µν = 2Tr(Φ(x)U µν (x)) which contains 2Tr(φF µν ) in the continuum limit. The operator we use in practice has the field Φ inserted at all corners of the plaquette to maintain symmetry, and is then smeared to improve overlaps. We have 
Evaluating these at β = 6.0 gives (M γ a) 2 ∼ 10 −4 and na 3 ∼ 10 −4 , so our small value for the photon mass is to be expected. We have measured the monopole density (in unitary gauge) using standard methods [10] in our configurations and find that there are indeed very few monopoles in the Higgs phase, as is displayed in Fig. 4(a) . Of those that are there, all (within errors) are members of tightly bound dipoles, and therefore ineffective in generating a photon mass. The signal for dipoles is that the average flux from a monopole vanishes into noise within one or two lattice spacings away from the monopole location.
If, for all practical purposes, the Higgs phase does not contain any magnetic monopoles then as we cross over from the symmetric phase to the Higgs phase, the string tension 
where we have included the well-known universal leading correction to the linear piece.
We calculate am l (L) from the asymptotic exponential decay of correlations of smeared Polyakov loops on L 3 lattices exactly as in the pure gauge theory. In addition to the standard Polyakov loops, l P , which we may schematically define by l P = Tr{ L t=1 U t }, we also consider modified Polyakov loops obtained by inserting scalar fields; i.e.
These operators have the same properties under the centre of the gauge group as the Polyakov loop and therefore project only onto states with non-trivial winding, such as our periodic flux loop. We mention this technical detail because, as we move through the crossover region from the symmetric to the Higgs phase, the best operators become l s P and then l ss P and one needs to use them rather than l P in order to obtain accurate mass estimates. (Of course, this observation tells us something interesting about the dynamics of the crossover as well.)
We show in Fig. 4(b) a plot of our calculated value of the string tension, a 2 σ, as we vary κ through the crossover at β = 9.0 and λ = 0.01. The calculation was performed as follows.
We We see in Fig. 4(b) that the string tension collapses to zero around κ ≃ 0.3805. This is precisely the centre of the crossover (i.e. the coupling where the scalar mass attains its minimum value as we traverse the crossover at fixed β and λ).
is constant to a first approximation (apparently with a correction that seems to lead to a slight decrease with increasing L so that the fitted σ has a tendency to be slightly negative). the string tension is vanishingly small. Mass ratios constructed using the lightest scalar mass (obtained from the purely scalar operator) as a reference do give good agreement for the operators of mixed origin, however. Thus we have good evidence for scaling between β = 6.0 and 9.0, along lines of constant physics, and hence that our conclusions in this paper are relevant to the continuum theory.
This is in fact what
In conclusion, we have clarified the phase diagram of the SU(2) adjoint Higgs model in 2+1 dimensions. For small values of the scalar self-coupling, λ, the expected firstorder transition indeed occurs. But as we increase λ this becomes a crossover rather than a second-order transition. At the point where the first-order transition vanishes there appears to be a critical point where the scalar mass vanishes. These calculations have been performed for values of the lattice spacing where deviations from the continuum limit are very small and so we believe that these are properties of the continuum theory. All this is, of course, very much reminiscent of the behaviour of the theory with fundamental Higgs.
Understanding the phase diagram is an essential first step if we wish to use this theory as a testing ground for the monopole mechanism for confinement. The fact that the Higgs phase and the symmetric, confining phase are smoothly connected through a crossover region, makes us optimistic about the possibility of learning how confinement interpolates between the former phase, where it is well understood, [8] , and the latter, where theoretical ideas exist, [11] , but still remain speculative. This optimism is reinforced by the simple behaviour that we have found for the flux tube and the string tension as we pass through this crossover region. Of particular interest in this context is the critical point; it may be that we can find here a reasonably dense plasma of t'Hooft-Polyakov monopoles. These questions are under investigation.
